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ABSTRACT

%

A
/wj(,

This Report presents a Symbolic Programming System (S£S) coded
numerical integration program designed to be used as a FORTRAN
subroutine on the IBM 1620 II Computer. The program will solve
differential equations by integration starting with known initial con-
ditions. An adaptive option is available where the speed of integration
is antomatically varied in accordance with a predicted error.

I. GENERAL DESCRIPTION

This program is designed to solve, by integration, ordi-
nary differential equations written in the form

& = ) M

where x is an n vector and f (£,x) is an n vector function
of its arguments. The initial state

% (t) = %o @

must be known.

Three options are available: (1) the Runge-Kutta-Gill
integration method (Ref. 1), (2) the Adams method
(Ref. 2), starting with the Runge-Kutta-Gill integration,
and (3) the modifiec. Adams or Moulton method with an
adaptive step-size feature. In this last method, the solu-
tion is started by the Runge-Kutta-Gill method with
automatic switching to the Adams method. The Adams
method is used to predict the next point on the solution.
This point is corrected by a closed-type formula (Ref. 2),
and an error vector is formed from the absolute value of
the difference between the predicted and corrected

values, This error vector is compared to upper and lower
tolerance vectors supplied by the user. If any component
of the error vector is greater than its respective upper
tolerance, the step size is automatically halved. On the
other hand, if each component of the error is smaller than
its lower tolerance for three successive steps, the step
size is doubled. This halving and doubling can continue
until h is truncated at Aumax OF hmin which are user sup-
plied bounds.

With any of these methods the user can change the
step size at any time. This is possible because the routine
detects this change and automatically restarts the Adams

or modified Adams methods,

All three methods have h® error terms. The Runge-
Kutta-Gill integration, however, is generally somewhat
more accurate than the Adams method when each is
using the same step size. Offsetting this is the higher
speed of the Adams method which often takes only one-
fourth the running time required by the Runge-Kutta-Gill
method, It is difficult to give a time coinparison for the
modified Adams methcd because of the adaptive feature,
If one set Apaz = By, thus removing the adaptive fea-
ture, the routine would have about the same accuracy
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as the Runge-Kutta-Gill method but would require about
one-half the running time.

The adaptive feature of the modified Adams method
permits one to start with a small initial step size and
allow the routine to double the step size until it is the
maximum which is consistent with a given accuracy.
Figure 1 shows how the adaptive feature operates. In
this example, x is the solution to

& 06dx+0353- t—25 3
dt’~’+’ P L35 3% = u ( ) 3)

STEP SIZE (sec) X (SOLUTION TO EQ.3)

where u (*) is the unit step function, and the initial con-
ditions are

x(t=0)=+02 (4)

dx
= (=0 =-01 6

Notice that the initial step size of 0.5 sec was maintained
until the time where dx/dt became large. At this point,
the routine automatically reduced h to 0.125 to maintain
accuracy. The step size h was later doubled and then
doubled again as the truncation error decreased.

20} 2+
- X
1.5} 1+
1D o (o) \ Y 1 1 T T
0 10 20 30 40 50 TIME (sec)
05 -1 —— - M max
\—STEP SIZE
O} -2k — H min

Fig. 1. Modified Adams integration with adap:ive step size
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. PROGRAMMING CONSIDERATIONS

The user provides the information that the integration
subroutine needs in the form of a derivative subroutine.
This subroutine is written in the following manner. Let
the differential equation to be integrated be

cA dy

y= - = fty) (6)
where
. .-
Y Y1
2 . Y
y= y. sy= |, )
y,: _!;».
e
2 t’
fegy= |+ " ®)
fu ()]

Next, the time ¢ and the step size h must be adjoined to
the differential equations as shown below. Let the aug-
mented state be x; we then have

»t - - h -
Y LA

%= Y. % - % ©)
| Y», 4

The purpose of the derivative subroutine is to calculate
the derivative vector components %, through %,., each
time it is called. Since this subroutine is called by the
integration routine, it can have no arguments in the call
statement and all variables x,x, etc. must be transferred
through a COMMON statement.

The name of the derivative subroutine is DER since
this is the name compiled into the integration routine.
The user may change this to any valid FORTRAN name
by changing the alphameric characters in the fourth from
last card in the integration subroutine (LENGTH) to the
desired name.

The integration subroutine is called MARK and is
called by a two-statement sequence:

CALL DER

CALL MARK (X,XD,N,IND,EU EL HMAX,HMIN,TS)

where

X = n + 1 state vector & in DER
XD = n + 1 derivative vector as in DER
N = order of the equation

IND = indicator to show what integration system
is to be used. IND = 0,12 for Runge-
Kutta-Gill, Adams, modified Adams, re-
spectively

EU = upper bound vector dimensioned n used
only for modified Adams; must be positive

EL = lower bound vector dimensioned n used
only for modified Adams; must be positive

HMAX = upper limit on step size, modified Adams
HMIN = lower limit on step size, modified Adams

TS = temporary storage dimensioned
(n + 1), (5n + 1), (5n + 2) for Runge-
Kutta-Gill, Adams, or moditied Adams, re-
spectively

In the foregoing, the usual fixed/floating variable
name rules apply. When using Runge-Kutta-Gill or the
Adams method, EU,EL,HMAX, HMIN are not used and
may be replaced by zeros in the call statement. For ini-
tialization purposes, TS (1) must be set to zero. When
using Runge-Kutta-Gill or the Adams method, the x vec-
tor is initialized including the initial time in x (I). Next,
the step size to be used, h, is placed into XD (1). Now
each time that the two-statement call sequence is
executed, the solution x will be moved from x (t) to
x(t + h).

When the modified Adams option is selected, the ini-
tialization is as above; but after the solution is started
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(3 steps), the predicted-corrected error is compared to
EU and EL. The error for X (2} is compared to EU (1)
and EL (1), and 5o on. The step size is then adjusted as

described before. XD (1) always contains the step size
which will be used, unless changed by the user, for the
next step.

. EXAMPLES

Equation (3) was written in state variable form

Y =Y. (10)

o= —06y, — 035y  +u(t—25) (1)

wherey, = x,y; = x.

Time and step size were adjoined to obtaiu the proper
form

.

Z, =7, (12)

Zy= —0,6Z, — 0,35Z + u(Z -25) (13)

and the derivative subroutine was written as:

1. SUBROUTINE DER
2. DIMENSION  Z (3), ZD (3)
3. COMMON Z,ZD

4 IF(2(1) - 25.) BT

5 U=0.

6. GO TO 8

7.U=1

8. ZD (2) = Z (3)

9.ZD(3) = —08+%Z(3) ~035*Z(2) **3 + U
10. RETURN

A main program, which will iutegrate these equations
from 0 to 50 sec for the initial conditions x = 0.2 and

x = ~—0.1, follows. The step size to be used is 0.1 sec,
and the results are to be printed or plotted every 0.5 sec.

RUNGE-KUTTA-GILL

. DIMENSIOCN Z (3),ZD (3), TS (3)
. COMMGN Z ZD

. TS(1) =0

ZD (1) = G2

Z(1) =G

ZQ %

Z{, =-01

Diy 2= 1,100

ilir=15

. CALL DER

11. CALLMARK (Z,ZD,3,0,0.,0.,0.,0., TS)

I I A R R e R o T o o

ont
<

+ Output Routine

12. CONTINUE
13. CALL EXIT
The result of an integration of this type and onc where

h was incicased to 0.5 sec, where a noticeable error oc-
curred, are shown in Fig. 2.
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X {(SOLUTICN TO EQ. 3)

2} H = 0.1 sec
————H =5 35

§
$
i X
i
{

1+ i
|
i

0\ T Y T T T

4] 10 20 30 49 50 TIME (sec)
_l b—

Fig. 2. Runge-Kutta-Giil integration

Returning back to Fig. 1, this was the result of a main
program which forces the adaptive step-size feature to
produce values at 0.5-sec intervals. This technique is
illustrated below.

1
2
3
4
5.
6.
7
8
9

10.
1L
12.
13.

. DIMENSION Z (3), ZD (3), TS (12), EU (2), EL (2)
. COMMON Z, ZD

.TS(1) =0.

LZ1) =0
Z@ =02
Z@) =-01

. RESTOR = 43

. DO 24] = 1,100

LT =27Z(1)
DO121 =12

EU (I) = 0001 * ABSF (Z (I + 1)) + 0.001
EL (I) = 0.00001 * ABSF (Z (I + 1)) + 0.00001
ZD (1) = RESTOR

14.
15.
16.
17.
18.
19.
20.
21
22.
23.
24.

CALL DER

CALL MARK(Z.ZD, 2,2, EU, EL, 05,001, TS)
IF (ABSF (T + 0.5 — Z (1)) ~ 0.00001) 23, 23, 17
IF(T+05—-Z(1)—2D(1))18,21,21
RESTOR = XD (1)

XD(1)=T+05~-X(1)

GO TO 14

RESTOR = XD (1)

GO TO 14

- -~ Qutput Routine - - -

CONTINUE

As a comparis_n of running time, the integration using
the Runge-""itta-Gill method took 35 cec, while the
modifiea A.. .ms integration took 32 sec. Both yielded

the samr

:aracy. Included in these times is a fixed

time of 22 sec required to plot the output.
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APPENDIX
The Symbolic Programming System

The following pages contain sequential facsimiles of the Symbolic Programming
System (SPS) as used in this Report.
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